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Motivated by recent experiments [S. Woo et al., Nat. Phys. 13, 448 (2017)] on magnetic-field-
driven annihilation of magnetic domain walls (DWs) and the ensuing burst of spin waves (SWs)
of very short wavelengths, we predict that this is also accompanied by pumping of electronic spin
current whose time-dependence encodes information about the moment of the burst. The pumping
occurs in the absence of bias voltage, and it is due to time-dependent fields introduced into the
quantum Hamiltonian of conduction electrons by the classical dynamics of localized magnetic mo-
ments comprising the domains. The pumped currents carry spin-polarized electrons which, in turn,
exert spin-transfer torque on localized magnetic moments, so that the self-consistent nonequilibrium
state of the whole system cannot be captured by purely classical micromagnetic simulations where
quantum time evolution of electrons is absent. Instead, we employ recently developed quantum-
transport/classical-micromagnetics formalism, combining time-dependent electronic nonequilibrium
Green functions with the Landau-Lifshitz-Gilbert (LLG) equation, to simulate intertwined evolution
of the magnetic moments and pumped currents. These currents effectively generate time-retarded
damping in the LLG equation which affects the SW spectrum, and they will also contribute to
torque on a remote stationary DW or to the inverse spin Hall effect voltage that were otherwise
attributed solely to SWs in the experiments.
The control of the domain wall (DW) motion [1, 2]
within magnetic nanowires by magnetic field or current
pulses is both a fundamental problem for nonequilibrium
quantum many-body physics and a building block of en-
visaged applications in digital memories [3], logic [4] and
artificial neural networks [5]. Since in such devices DWs
will be closely packed, understanding interaction between
them is a problem of great interest [6]. For example,
head-to-head or tail-to-tail DWs—illustrated as the left
(L) or right (R) noncollinear texture of localized magnetic
moments, respectively, in Fig. 1—behave as free magnetic
monopoles carrying topological charge [7]. The topologi-
cal charge (or the winding number) Q ≡ − 1pi
∫
dx ∂xφ, as-
sociated with winding of localized magnetic moments as
they interpolate between two uniform degenerate ground
states with φ = 0 or φ = pi, is opposite for adjacent
DWs, such as QL = −1 and QR = +1 for DWs in Fig. 1.
Thus, long-range attractive interaction between DWs can
lead to their annihilation, resulting in the ground state
without any DWs [8–11] (short-range repulsive interac-
tion can also suppress annihilation [6]), while conserving
the total topological charge. The nonequilibrium dynam-
ics generated by annihilation of topological solitons, such
as DWs or other nonlinear excitations protected by their
nontrivial topology, is also of great interest in diverse
subfields of physics ranging from cosmology and string
theory to superfluids and Bose-Einstein condensates [12].
The recent experiments [13] have monitored annihila-
tion of two DWs within a metallic magnetic nanowire by
observing intense burst of spin waves (SWs) at the mo-
ment of annihilation. Thus generated large-amplitude
SWs are dominated by exchange, rather than dipolar,
FIG. 1. Schematic view of a metallic magnetic nanowire mod-
eled as a 1D tight-binding chain whose sites also host classical
localized magnetic moments (red arrows). The nanowire is
attached to two NM leads terminating into the macroscopic
reservoirs kept at the same chemical potential. The two DWs
within the nanowire carry opposite topological charge [7],
QL = −1 for the left one and QR = +1 for the right one.
The DWs are colliding with the opposite velocities VLDW and
VRDW, and eventually annihilating, upon application of an ex-
ternal magnetic field Bext parallel to the nanowire, thereby
mimicking the setup of the experiments in Ref. [13].
interaction between magnetic moments and are, there-
fore, of short wavelength. The short wavelength SWs
are crucial for scalability of magnonics-based technolo-
gies [14, 15], like signal transmission or memory-in-logic
and logic-in-memory low-power digital computing archi-
tectures, but are difficult to excite by other means due to
the requirement for high external magnetic fields [16, 17].
The computational simulations of DW annihilation [8,
9, 13], together with theoretical analysis of generic fea-
tures of such a phenomenon [10], have been based ex-
clusively on classical micromagnetics where one solves a
system of coupled Landau-Lifshitz-Gilbert (LLG) equa-
tions [18] for the dynamics of localized magnetic moments
viewed as classical vectors of the fixed length, as justified
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2in the limit of large localized spins Si →∞, ~→ 0 (but
Si × ~ → 1) and in the absence of entanglement [19].
On the other hand, the dynamics of localized mag-
netic moments comprising two DWs also generates time-
dependent fields experienced by the surrounding conduc-
tion electrons within the magnetic nanowire, which can
lead to pumping of electronic spin currents [20, 21] (as
well as pumping of charge currents if the left-right sym-
metry of the device is broken [22, 23]) in the absence of
any externally applied bias voltage. The spin-polarized
electrons carried by such currents will exert spin-transfer
torque (STT) on the localized magnetic moments. This
can effectively introduce time-retarded damping with a
memory kernel [24] into the LLG equation due to the fact
that the electron spin can never follow instantaneously
a change in the orientation of the localized magnetic
moments [25]. Such complicated self-consistent problem
cannot be captured by conventional classical micromag-
netics [18] where quantum dynamics of electrons is not
modeled at all, while torque and damping terms [26, 27]
in the LLG equation are introduced phenomenologically
with their magnitude specified by the parameters which
do not vary in time or space [28]. Attempts to introduce
phenomenologically time-retarded damping and, thereby,
construct an extended LLG equation leads to many pos-
sible forms [29, 30] some of which can substantially affect
the SW spectrum [29].
In this Letter, we analyze DW annihilation by
employing recently developed [21, 24, 31] multiscale
quantum-transport/classical-micromagnetics framework
which combines time-dependent nonequilibrium Green
function (TDNEGF) [32, 33] description of quantum dy-
namics of electrons with the LLG equation description of
classical dynamics of localized magnetic moments. Such
TDNEGF+LLG framework is microscopic and nonper-
turbative, once the Hamiltonians of quantum subsystem
of conduction electrons and classical subsystem of local-
ized magnetic moments are specified. We apply it to a
setup depicted in Fig. 1 where two DWs reside at time
t = 0 within a one-dimensional (1D) magnetic nanowire
attached to two normal metal (NM) leads, terminating
into the macroscopic reservoirs without any bias voltage
being applied between them.
The classical Hamiltonian for localized magnetic mo-
ments, described by unit vectors Mi(t) at each site i of
1D lattice, is chosen as
H = −J
∑
〈i,j〉
Mi ·Mj − Jsd
∑
i
〈Sˆ〉neqi ·Mi −K
∑
i
(Mxi )
2
+D
∑
i
(Myi )
2 − µB
∑
i
Mi ·Bext, (1)
where J = 0.1 eV is the Heisenberg exchange cou-
pling between neighboring magnetic moments and
Jsd = 0.1 eV is the s-d exchange coupling between the
localized magnetic moments and the nonequilibrium elec-
FIG. 2. TDNEGF+LLG computed: (a) a sequence of snap-
shots of two DWs in the course of their collision and an-
nihilation driven by the applied magnetic field Bext in the
setup of Fig. 1; (b)–(d) spatio-temporal profiles of STT
∝ 〈Sˆ〉neqi (t) ×Mi(t) on localized magnetic moments Mi(t);
and (e) spatio-temporal profiles of the z-component of lo-
calized magnetic moments where blue and orange line mark
spatial profiles at times t = 520 fs (when two DWs vanish)
and t = 645 fs (when all localized magnetic moments become
nearly parallel to the x-axis) from panel (a). The intrinsic
Gilbert damping parameter is λ = 0.01 and the Fermi en-
ergy is EF = 0 eV. A movie animating panels (a) and (e) is
provided in the SM [37].
tronic spin density
〈Sˆ〉neqi (t) =
~
2
Trspin {[ρneq(t)− ρeq]σˆ} . (2)
This quantity is obtained [21, 34] as the quantum-
statistical expectation value of the spin- 12 operator us-
ing the time-dependent nonequilibrium density matrix,
ρneq(t), and the grand canonical density matrix in equi-
librium, ρeq. Here σˆ = (σˆx, σˆy, σˆz) is the vector of the
Pauli matrices and trace is performed in the spin space.
The magnetic anisotropy along the x-axis is specified by
K = 0.05 eV, and the demagnetizing field along the y-
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FIG. 3. TDNEGF+LLG computed time-dependence of: the pumped charge current in the (a) left and (b) right NM lead; and
(c)–(e) components of the total electronic spin current pumped into the right NM lead during DW collision and annihilation.
Panels (f)–(h) show SW-generated contribution to spin current in panels (c)–(e), respectively, after spin current carried by the
SW from Fig. 2(e) is stopped at the magnetic-nanowire/nonmagnetic-NM-lead interface and converted (as observed experi-
mentally [13, 39]) into electronic spin current in the right NM lead. Vertical dashed lines mark times t = 520 fs and t = 645 fs
whose snapshots of localized magnetic moments are given in Fig. 2(a). Gray curves in panels (g) and (h) are the same as the
signal in panels (d) and (e) for times t ≥ 645 fs, respectively, and shown for an easy comparison. The intrinsic Gilbert damping
parameter λ = 0.01 and the Fermi energy is EF = 0 eV.
axis is D = 0.007 eV. The last term in Eq. (1) is Zeeman
energy (µB is the Bohr magneton) describing the inter-
action of localized magnetic moments with an external
magnetic field |Bext| = 2000 T which we introduce par-
allel to the nanowire in Fig. 1 to drive the DW dynamics,
as employed in the experiments of Ref. [13]. Note that the
values of these parameters are not chosen to describe real-
istic system but, instead, enable us to complete DW anni-
hilation on ∼ ps time scale (in the experiments [13] DW
annihilation occurs within ∼ 2 ns), taking into account
computational complexity of TDNEGF calculations [33].
The classical dynamics of Mi(t) is obtained by solving a
system of coupled LLG equations
∂Mi
∂t
= − g
1 + λ2
[
Mi ×Bieff + λMi ×
(
Mi ×Bieff
)]
,
(3)
using the Heun numerical scheme with projection to the
unit sphere [18]. Here Bieff = − 1µM ∂H/∂Mi is the ef-
fective magnetic field (µM is the magnitude of localized
magnetic moments); g is the gyromagnetic ratio; and the
intrinsic Gilbert damping parameter λ arises due to the
well-established mechanism [26, 27] combining spin-orbit
coupling and electron-phonon interactions.
The conduction electron subsystem is modeled by a
quantum Hamiltonian
Hˆ = −γ
∑
〈ij〉
cˆ†i cˆi − Jsd
∑
i
cˆ†iσ ·Mi(t)cˆi, (4)
where the first term is a 1D tight-binding (TB) model
and the second term is the s-d exchange coupling be-
tween conduction electrons and localized magnetic mo-
ments. Here cˆ†i = (cˆ
†
i↑, cˆ
†
i↓) is a row vector containing
operators cˆ†iσ which create an electron of spin σ =↑, ↓
at the site i, and cˆi is a column vector that contains
the corresponding annihilation operators. The magnetic
nanowire in the setup in Fig. 1 consists of 45 sites and it
is attached to semi-infinite NM leads modeled by the first
term alone in Eq. (4). The nearest-neighbor hopping is
γ = 1 eV and the Fermi energy is set at EF = 0 eV (or
EF − Eb = 2.0 eV if measured from the band bottom,
Eb = −2.0γ, of the NM leads). The quantum dynamics
of the electrons is described by solving a matrix integro-
differential equation [35, 36]
i~
dρneq
dt
= [H,ρneq] + i
∑
p=L,R
[Πp(t) + Π
†
p(t)], (5)
which can be viewed as the exact master equation for
an open finite-size quantum system, described by Hˆ
and its matrix representation H, that is attached (via
semi-infinite NM leads) to macroscopic reservoirs. The
matrices ρneq and Πp are expressed in terms of TD-
NEGFs [32] and/or integrals over them, as elaborated
in Refs. [35, 36]. The Πp matrices yield directly the
charge, Ip(t) =
e
~Tr [Πp(t)], and the spin, I
Sα
p (t) =
e
~Tr [σˆαΠp(t)], currents flowing into the NM lead p =
L,R.
In the TDNEGF+LLG framework [21, 24] we self-
consistently combine quantum Eqs. (2) and (5) with clas-
sical Eq. (3) by first solving for 〈Sˆ〉neqi (t) using Eq.(2),
which is then fed into Eq. (3) to propagate localized mag-
netic moments Mi(t) in the next time step (δt = 0.1 fs
step is used for numerical stability, and recently devel-
oped TDNEGF algorithms scaling linearly [33, 36] in the
number of time steps are employed). These updated
4FIG. 4. (a)–(c) Spatio-temporal profiles of the x-component
of localized magnetic moments Mxi (t). (d)–(f) Time depen-
dence of the z-component Mz13(t) of a localized magnetic mo-
ment at the site i = 13 [marked by a horizontal dashed line
in panels (a)–(c)]. (g)–(i) Frequency power spectra [15] ob-
tained from FFT of Mzi (t) time-dependence over 0–2 ps time
interval. The first and second column of panels is obtained
from TDNEGF+LLG simulations with the intrinsic Gilbert
damping λ = 0.01 or λ ≡ 0, respectively. The third column of
the panels is obtained from LLG equation, as in purely classi-
cal micromagnetics simulations of DW annihilation [8–10, 13],
with the intrinsic Gilbert damping λ = 0.01.
Mi(t) classical vectors are fed back into the quantum
Hamiltonian of the conduction electron subsystem in Eq.
(4). Thus obtained time-dependences of Mi(t), 〈Sˆ〉neqi (t)
, Ip(t) and I
Sα
p (t) are numerically exact.
Figure 2(a) shows TDNEGF+LLG computed snap-
shots of the localized magnetic moments Mi(t) for a sub-
set of sites i = 12–33 in the course of DW collision and
annihilation at selected times. The corresponding com-
plete spatio-temporal profiles are animated as a movie
provided in the Supplemental Material (SM) [37]. In
addition, Fig. 2(b)–(d) shows spatio-temporal profiles of
STT ∝ 〈Sˆ〉neqi (t) ×Mi(t) at all sites i = 1–45. Such
STT generated by TDNEGF calculations, which is ab-
sent in purely classical micromagnetics simulations, is
due to moving electrons comprising spin and charge cur-
rents [Fig. 3] pumped by time-dependent fields Mi(t) en-
tering into the second term of the quantum Hamiltonian
of electronic subsystem in Eq. (4). The noncollinearity of
〈Sˆ〉neqi (t) and Mi(t) required for nonzero STT originates
from the fact that the motion of the classical localized
magnetic moments affects the conduction electrons in a
retarded way—it takes a finite time until the local con-
duction electron spin reacts to the dynamics of Mi(t),
no matter how slow that dynamics is [25]. Thus, 〈Sˆ〉 is
always behind the “adiabatic direction” set by Mi(t).
The snapshot at t = 520 fs in Fig. 2(a) shows two DWs
vanishing since Mxi > 0 at all sites i. The quantum trans-
port signature of this process is the decay of the pumped
charge current to zero, IL,R(t) → 0 [Fig. 3(a),(b)], as
well as the decay of the accompanying pumped electronic
spin currents [Fig. 3(c)–(e)]. In fact, ISxR (t)→ 0 compo-
nent becomes zero at t = 645 fs at which localized mag-
netic moments in Fig. 2(a) turn nearly parallel to the
x-axis while precessing around it. Such oscillations ex-
cited within the annihilation region in the middle of the
magnetic nanowire propagate toward the NM leads in the
form of a traveling wave [Fig. 2(e) and the movie in the
SM [37]] as the signature of SW burst.
The total spin current in Fig. 2(c)–(e) has con-
tributions from both electrons moved by time-
dependent Mi(t) and SW hitting the magnetic-
nanowire/nonmagnetic-NM-lead interface where SW
spin current is stopped and “transmuted” [40] into an
electronic spin current flowing within the NM lead. The
“transmutation” is often employed experimentally for di-
rect electrical detection of SWs, where an electronic spin
current on the NM side is converted into a voltage sig-
nal via the inverse spin Hall effect [13, 39]. Within the
TDNEGF+LLG picture, SW reaching the last localized
magnetic moments of the magnetic nanowire, at the sites
i = 1 or i = 45 in our setup, initiates their dynamics
whose coupling to electrons in the neighboring left and
right NM leads, respectively, leads to pumping [20, 22] of
the electronic spin current into the NM leads.
In order to quantify electronic spin current due “trans-
mutation” from SW burst, which we denote by ISα,SWp ,
we first record all trajectories Mi(t) from full TD-
NEGF+LLG calculations, and then feed them into pure
TDNEGF calculations using the Hamiltonian in Eq. (4)
but with only M1(t) and M45(t) being coupled to
conduction electrons. This procedure is justified by
Fig. 3(f)–(h) where ISα,SWR is either zero or negligible
until a SW burst is generated, while the spin current
[Fig. 3(c)–(e)] carrying electrons from the bulk of the
nanowire into the NM leads remains large within the
same time frame. Comparison of SW contribution with
bulk electron contribution to the pumped spin current
[Fig. 3(g)–(h)] shows that they are of a similar magni-
tude, in contrast to classical micromagnetics interpreta-
tion of recent DW annihilation experiments [13] where
the detected electronic spin current in the NM leads was
5attributed solely to SWs.
Finally, since STT [Fig. 2(b)–(d)] due to pumped spin
current can effectively act as an additional Gilbert damp-
ing [24, 25] in the LLG equation, which can be an order
of magnitude larger [21] than the intrinsic Gilbert damp-
ing [26, 27] as well as exhibit time-retardation described
by a memory kernel [24], we compare in Fig. 4 TD-
NEGF+LLG calculated trajectories Mi(t) using nonzero
[Fig. 4(a),(d)] vs. zero [Fig. 4(b),(e)] intrinsic Gilbert
damping; as well as those results vs. LLG calculated
trajectories [Fig. 4(c),(f)]. The corresponding frequency
power spectra [15] in Fig. 4(g)–(i) are obtained from
FFT of Mzi (t) time-dependence. These comparisons re-
veal that additional nonlocal-in-time damping generated
by time-retardation effects [25, 29, 30] in the full TD-
NEGF+LLG scheme [24] cannot be mimicked by sim-
ply adjusting the magnitude of standard local-in-time
Gilbert damping term λMi(t)× dMi(t)/dt [note Eq. (3)
uses equivalent Landau-Lifshitz form of this term [18]].
This also means that naive attempts to compute the spin
mixing conductance [11, 20], or more general differential
damping tensor [38], associated with spin pumping from
noncollinear magnetic textures and renormalize λ [38] by
it cannot capture properly the time evolution of Mi(t)
since the Gilbert damping term remains local-in-time in
these approaches. We note that memory kernel can be
explicitly extracted [24] in terms of TDNEGF quanti-
ties only in the case of small Jsd and weak a coupling
to macroscopic reservoirs. Physically, it describes how
nonequilibrium electrons mediate interaction of Mi(t)
with the same localized magnetic moment at an earlier
time t′ < t.
In conclusion, using recently developed time-
dependent-quantum-transport/classical-micromagnetics
multiscale approach [21, 24], we demonstrate that
magnetic-field-driven annihilation of two DWs emitting
intense SW burst, as observed in recent experiments and
modeled by classical micromagnetics [13], is necessarily
accompanied by pumping of electronic spin currents
[Fig. 3] whose time dependence changes dramatically at
the moment of annihilation and SW burst generation
[Fig. 2 and movie in the SM [37]]. Since pumped
currents, which are outside of the scope of classical
micromagnetics, carry spin-polarized electrons, they
interact with localized magnetic moments by exerting
STT [Fig. 2(b)–(d)] on them. This can effectively gen-
erate time-retarded damping with a memory kernel [24]
which, in turn, can drastically modify the dynamics of
localized magnetic moments and emitted SW spectrum
[Fig. 4].
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